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MODULI OF DECORATED SWAMPS ON A SMOOTH PROJECTIVE
CURVE
NIKOLAI BECK
Abstract. In order to unify the construction of the moduli space of vector bundles with
different types of global decorations, such as Higgs bundles, framed vector bundles and conic
bundles, A. Schmitt introduced the concept of a swamp. In this work, we consider vector
bundles with both a global and a local decoration over a fixed point of the base. This
generalizes the notion of parabolic vector bundles, vector bundles with a level structure and
parabolic Higgs bundles. We introduce a notion of stability and construct the coarse moduli
space for these objects as the GIT-quotient of a parameter space. In the case of parabolic
vector bundles and vector bundles with a level structure our stability concept reproduces the
known ones. Thus, our work unifies the construction of their moduli spaces.
1. Introduction
Let X be a smooth projective curve over the field of complex numbers and fix a point
x0 of X. There are different reasons to equip vector bundles on X with certain global and
local decorations: a parabolic Higgs bundle is a vector bundle E together with a Higgs field
ϕ : E → E ⊗ ωX , where ωX denotes the canonical sheaf, and a weighted flag over x0 which
is ϕ-invariant. There is a notion of stability and an extension of the Narasimhan–Seshadri
theorem tells us that a parabolic Higgs bundle is stable if and only if it arises from an
irreducible representation of pi1(X \ {x0}) with fixed monodromy [Sim90].
Another example of a local decoration on a vector bundle E is a level structure, i.e., a
complete homomorphism f : E|{x0} ⇒ C
rk(E). Ngoˆ Dac [ND07] defined a stability condition
for these objects and applied Geometric invariant theory (GIT) in order to obtain a compact-
ification of the stack of shtukas, which plays an important role in the Langlands program.
A generalized version of a vector bundle with a global decoration is a swamp: fix a represen-
tation ρ : GL(r)→ GL(V ). Given a vector bundle E of rank r we can construct its associated
vector bundle Eρ with typical fiber V . Then, a swamp is a vector bundle of rank r together
with a line bundle L and a non-trivial homomorphism ϕ : Eρ → L. A. Schmitt introduced a
stability condition for swamps and constructed their coarse moduli space [Sch08].
In this work we generalize the concept of local decorations in the same spirit: we fix two
representations ρ and σ of GL(r). We define a decorated swamp as a swamp (E,L,ϕ) together
with a point s ∈ E∨σ over x0. We define a parameter dependent notion of stability for these
objects and construct a parameter space with a locally universal family and a compatible
group action. Then we define an equivariant morphism from this space into a projective
Gieseker space. A careful calculation shows that a decorated swamp is stable if and only if the
corresponding point in the Gieseker space is GIT-stable with respect to a certain linearization.
Finally, the coarse moduli space is obtained as the GIT-quotient of the parameter space.
Key words and phrases. parabolic vector bundles, level structure.
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In the case that ρ is trivial we call a decorated swamp a decorated vector bundle. For
certain choices of σ such an object describes a parabolic vector bundle or a vector bundle
with a level structure. We show that in these cases our concept of stability coincides with the
usual ones.
While the category of decorated swamps also describes parabolic Higgs bundles, we cannot
expect the stability conditions to coincide since in contrast to the stability of parabolic Higgs
bundles our definition of stability is parameter dependent. As was the case for swamps and
Higgs bundles, we expect to find the known stability condition in the form of asymptotic
stability. This is planned for a future publication.
Notation and Conventions. In this work we will identify a geometric vector bundle E
with its sheaf of sections. If F is a subsheaf of E, the subbundle generically generated by F
is
ker(F → (E/F )/T ) ,
where T is the torsion subsheaf of E/F . We denote byP(E) the hyperplane bundle Proj(Sym∗E).
Acknowledgement. These results presented here are part of the authors PhD thesis [Bec14]
supervised by Alexander Schmitt, whom the author would like to thank.
2. Preliminaries
In order to fix notation and to recall some specific details which are important for our
particular application, we gather some basic facts about Geometric invariant theory and
moduli spaces. We also recall some properties of homogeneous representations.
2.1. Geometric Invariant Theory. Let G be a linear reductive group and let ρ : G×X →
X be an action on a scheme X. A good quotient is an affine G-invariant morphism pi : X → Y ,
such that
(1) For any open subset U ⊂ Y the map pi# : OY (U)→ OX(pi
−1(U)) is an isomorphism.
(2) For any closed invariant subset Z ⊂ X the image pi(Z) is closed in Y .
(3) If Z1, Z2 ⊂ X are disjoint closed invariant subset, then pi(Z1) ∩ pi(Z2) = ∅.
If the preimage pi−1(y) of any point y ∈ Y contains only one orbit, then Y is a geometric
quotient. A good quotient is in fact a categorical quotient. If X is affine with coordinate ring
R, then Spec(RG) is a good quotient. For non-affine schemes we first note:
Proposition 2.1 ([Ram96, 5.1. Lemma], [Gie77, Lemma 4.6]). Let f : X → X ′ be an affine
G-invariant morphism and suppose the good quotient pi : X ′ → X ′/G exists.
(1) The good quotient pi : X → X/G exists.
(2) If f is proper and pi′ is a universal good quotient, then the induced map f¯ : X/G →
X ′/G is also proper.
(3) If f is injective and pi′ is a geometric quotient, then pi is also a geometric quotient.
In general, one needs some additional structure. A linearization of ρ in a line bundle L on
X is an action ρ¯ : G×L→ L with prX ◦ρ¯ = ρ ◦ (idG× prX), such that the map Lx → Lρ(g,x)
is linear for all g ∈ G. Given such a linearization a point x ∈ X is called
• semistable if there is an r ∈ N>0 and a G-invariant section s in L
⊗r with s(x) 6= 0
such that Xs = X \ V (s) is affine,
• polystable if x is semistable and the orbit of x is closed in Xs,
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• stable if there is r ∈ N>0 and a G-invariant s ∈ H
0(X,L⊗r) such that Xs is affine,
x ∈ Xs, dim(G · x) = dim(G) and every orbit in Xs is closed.
We denote the open set of (semi-)stable points by X(s)s.
Proposition 2.2 (Mumford, [MFK94, Theorem 1.10]). Let X be a scheme with an action of
a linear reductive group G and a linearization in a line bundle L.
(1) The quasi-projective good quotient pi : Xss → X/G exists. If X is projective and L is
ample, then X/G is also projective.
(2) There is an open subset U ⊂ X/G such that pi−1(U) = Xs and pi|Xs : X
s → U is a
geometric quotient.
Suppose that X is projective. Let λ : C∗ → G be a one-parameter subgroup and x ∈ X a
point. The limit point x∞ := limt→∞ λ(t) · x is a fixed point for the C
∗ action. The action
on the fiber Lx∞ is determined by t · l = t
γl for some γ ∈ Z. One defines
µρ(λ, x) := −γ .
Proposition 2.3 (Hilbert–Mumford, [MFK94, Theorem 2.1]). A point x ∈ X is (semi-)stable
with respect to ρ if and only if any non-trivial one-parameter subgroup λ : C∗ → G satisfies
µρ(λ, x)(≥)0 .
Suppose X = P(V ) for a vector space V and G ⊂ SL(V ). Given a one-parameter subgroup
λ of SL(V ) we find a splitting V =
⊕k+1
i=1 V
i and weights γ1 < . . . < γk+1 such that λ(t) · v =
tγiv for v ∈ V i. For a point x ∈ P(V ) represented by f ∈ V ∨ one finds
µ(λ, x) = −min{γi | 1 ≤ i ≤ k + 1 : f|V i 6= 0} .
Consider the subspaces Vj :=
⊕j
i=1 V
i and the positive rational numbers
αj :=
γj+1 − γj
dim(V )
, i = 1, . . . , k .
The pair (V•, α) is the associated weighted flag of λ and l(V•) := k the length of V•. Conversely,
given the weighted flag (V•, α) one defines γ(V•, α) by
γi(V•, α) :=
l(V•)∑
j=1
αj dim(Vj)−
l(V•)∑
j=i
αj dim(V ) , i = 1, . . . , l(V•) + 1
There is a number m ∈ N such that γ := γ(V•,mα) is integral. The choice of a splitting of
V that is compatible with V• then determines a one-parameter subgroup λ with associated
weighted flag (V•,mα). One can show that for x ∈ P(V ) the value of µ(λ, x) does not depend
on the choice of λ (see [MFK94, Proposition 2.7]). Thus the function µ(V•, α, x) := µ(λ, x)/m
is well defined.
2.2. Moduli Spaces. Let A be a set of objects. A moduli problem for A consists of a
category F fibered over Sch/C and an equivalence relation ∼ on F which is compatible with
pullbacks, such that F(id
C
)/ ∼ = A/ ∼=. An object ξ ∈ F(S) is called a family of objects
parameterized by S. These data define the moduli functor
Sch/C→ Sets
S 7→ F(S)/∼ .
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A scheme M is a fine moduli space if it represents the moduli functor. By the Yoneda-
lemma this is equivalent to the existence of a universal family onM . Let ∼S be an equivalence
relation onA. A schemeM is a coarse moduli space if it corepresents ([HL10, Definition 2.2.1])
the moduli functor and there is a natural bijection A/∼S →M(C).
A family ξ parametrized by a scheme P is said to satisfy the local universal property, if
for any family ξ′ parametrized by a scheme S and any point s ∈ S there is a neighborhood
U of s and a morphism f : U → P such that ξ′|U ∼ f
∗ξ. Suppose further that there is an
action ρ : G× P → P with the property that for any two morphisms f1, f2 : U → P we have
f∗1 ξ ∼ f
∗
2 ξ if and only if there exists a morphism g : U → G such that g · f1 = f2. Then, a
scheme M is a coarse moduli space of isomorphism classes if and only if M is a geometric
quotient of P .
IfM is the good quotient of P , but not a geometric quotient, one defines ∼S in the following
way: two objects E and E′ are S-equivalent if there are points p, p′ ∈ P such that ξp ∼= E,
ξp′ ∼= E
′ and G · p ∩G · p′ 6= ∅.
Proposition 2.4. The scheme M is a coarse moduli space of S-equivalence classes if and
only if M is a good quotient of P .
Remark 2.5. Richardsons proof of the Hilbert–Mumford criterion given in [Bir71] shows that
S-equivalence is generated by ξp ∼S ξp′ for any p ∈ P and p
′ = limt→∞ ρ(λ(t), p) with
µρ(λ, p) = 0.
2.3. Homogeneous Representations. A representation ρ : GL(V ) → GL(W ) is called
homogeneous of degree deg(ρ) = γ if ρ(c idV ) = c
γ idW for all c ∈ C
∗. If ρ is homogeneous,
then by [Sch08, Corollary 1.1.5.4] there are non-negative integers a, b, c such that W is a
subrepresentation of
(1) Va,b,c :=
(
V ⊗a
)⊕b
⊗

dim(V )∧ V


⊗−c
.
For a point [f ] ∈ P(Va,b,c) and a weighted flag (V•, α) one finds
(2) µ(V•, α, [f ]) = −min


l(V•)∑
j=1
αj
(
adim(Vj)− dim(V )νj(i)
) ∣∣∣∣ i ∈ I : fV ⊗i 6= 0


where I := {1, . . . , l(V•) + 1}
a, V ⊗i :=
⊕a
j=1 Vij for i ∈ I and νj(i) := #{i ∈ i|i ≤ j}. In
particular we have the estimate (see [Sch08, Lemma 1.5.1.41])
(3) µ(V•, α + β, x) ≥ µ(V•, α, x)− a
l(V•)∑
i=1
βj dim(Vj) .
2.4. Associated Vector Bundles and Weighted Flags. Let E be a vector bundle of rank
r and ρ : GL(r)→ GL(V ) a representation. We denote by P (E) the frame bundle Iso(O⊕rX , E)
and by Eρ the associated bundle P (E)×
ρ V .
Definition 2.6. A weighted flag of a vector bundle E is pair (E•, α) consisting of a flag
{0} = E0 ⊂ E1 ⊂ · · · ⊂ Ek ⊂ Ek+1 = E
of length l(E•) = k and a k-tuple α of positive rational numbers.
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Suppose that ρ is homogeneous. Given a weighted flag (E•, α) we choose a flag W• of C
r
of length l(W•) = l(E•) with dim(Wi) = rk(Ei) for 1 ≤ i ≤ l(E•). If m is an integer such
that mα is integral, then, as described at the end of subsection 2.1, there is a one-parameter
subgroup λ of SL(r) with associated weighted flag (W•,mα). The one-parameter subgroup
ρ ◦ λ of SL(V ) now determines a weighted flag (V•, β) of V .
One can find an open subset U ⊂ X and a trivialization ψ : E|U → U × C
r such that
ψ(Ei|U ) = U ×Wi for 1 ≤ i ≤ l(E•). The trivialization ψ induces an associated trivialization
ψρ : Eρ|U → U × V . The flag of Eρ|U defined by ψ
−1
ρ (U × Vi) for 1 ≤ i ≤ l(V•) extends
uniquely to a flag F• of Eρ.
Definition 2.7. We define the associated weighted flag (Eρ,•, αρ) of Eρ induced by (E•, α)
and ρ by Eρ,• := F• and αρ := (1/m)β.
3. Stable Decorated Swamps
In this section we introduce the objects that we want to classify, define notions of stability,
S-equivalence and parameterized families and finally state the existence of the coarse moduli
space.
3.1. Decorated Swamps. Let X be a smooth projective curve over C of genus g. Fix an
integer d, a natural number r and two homogeneous representations ρ : GL(r)→ GL(V1) and
σ : GL(r)→ GL(V2).
Definition 3.1. A decorated swamp of type (d, l) is a tuple (E,L,ϕ, s), where E is vector
bundle of rank r and degree d, L is a line bundle of degree l, ϕ : Eρ → L is a non-trivial
homomorphism and s is a point in E∨σ|{x0}.
Two decorated swamps (E,L,ϕ, s) and (E′, L′, ϕ′, s′) are considered isomorphic if there
are isomorphisms f : E → E′, ψ : L → L′ and a number c ∈ C∗ with ϕ′ ◦ fρ = ψ ◦ ϕ and
s ◦ fσ|{x0} = c · s. Here fρ : Eρ → E
′
ρ and fσ : Eσ → E
′
σ are the isomorphisms induced by f .
3.2. Stability. Let (E,L,ϕ, s) be a decorated swamp. Stability is going to be tested for
weighted flags (E•, α) of E. We define
M(E•, α) :=
l(V•)∑
j=1
αj (deg(E) rk(Ej)− deg(Ej) rk(E)) .
Denote by η be the generic point of X and by K the function field of X. The representation
ρ and the flag (E•, α) induce an associated weighted flag (Eρ,•, αρ) of Eρ. Restricting to the
generic point η yields a flagEρ,• of theK-vector spaceEρ := Eρ|η. Finally, the homomorphism
ϕ defines a point [ϕη ] ∈ P(Eρ). We set
µ1(E•, α, ϕ) := µ(Eρ,•, αρ, [ϕη ]) .
Remark 3.2. This is the same function as in [Sch08, Section 2.3.2].
The representation σ induces a weighted flag (Eσ,•, ασ) of Eσ. Its restriction to x0 yields
a flag of Eσ|{x0} and we set
µ2(E•, α, s) := µ(Eσ,•|{x0}, ασ, [s]) .
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Definition 3.3. Let δ1, δ2 ∈ Q>0. We call a decorated swamp (E,L,ϕ, s) (δ1, δ2)-(semi-)stable
if the relation
(4) M(E•, α) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s)(≥)0
holds for any weighted filtration (E•, α) of E.
Remark 3.4. Since we assume ρ and σ to be homogeneous, there are numbers am, bm, cm,
such that the GL(r)-module Vm is a direct summand of (C
r)am,bm,cm, m = 1, 2, (see (1)). We
thus have surjections p1 : Ea1,b1,c1 → Eρ and p2 : Ea2,b2,c2 → Eσ.
For m = 1, 2 and a tuple i ∈ Im := {1 . . . , k}
am we define
E⊗i := (Ei1 ⊗ · · · ⊗ Eiam )
⊕bm ⊗
(
r∧
E
)⊗−cm
⊂ Eam,bm,cm .
Using (2) we easily find
µ1(E•, α, ϕ) = −min


l∑
j=1
αj(a1 rk(Ej)− rνj(i))
∣∣∣ (ϕ ◦ p1)|E⊗i 6= 0 , i ∈ I1

 ,(5)
µ2(E•, α, s) = −min


l∑
j=1
αj(a1 rk(Ej)− rνj(i))
∣∣∣ (s ◦ p2)|E⊗i
|{x0}
6= 0 , i ∈ I2

 ,(6)
with r = rk(E) and νj(i) := #{i ∈ i | i ≤ j}.
3.3. S-Equivalence.
Definition 3.5. Let (E,L,ϕ, s) be a (δ1, δ2)-semistable decorated swamp. We call a weighted
flag (E•, α) critical if
M(E•, α) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α) = 0 .
Let λ be the one-parameter subgroup of GL(r,C) defined by the standard flag of Cr and
the weight vector α. The datum of E• corresponds to a reduction of the structure group
β : X → P (E)/Q(λ). Let P ′ be the Q(λ)-bundle β∗P (E). Let pi : Q(λ) → L(λ) be the
projection to the Levi factor. We define Egr to be the associated vector bundle pi∗P
′×GL(r)Cr.
Note that Egr =
⊕k
i=0Ei+1/Ei.
The one-parameter subgroup ρ∗λ of GL(V1) defines a weighted flag (V
(1), α(1)) of V1. Since
ρ(Q(λ)) ⊂ Q(ρ∗λ) the reduction β also defines a flag E
(1)
• of Eρ ∼= ρ∗P
′×GL(V1)V1. The image
of the Levi factor L(λ) is contained in L(ρ∗λ) of Q(ρ∗λ). Let piρ : Q(ρ∗λ) → L(ρ∗λ) be the
projection. Since ρ ◦ pi = piρ ◦ ρ, we find that ρ∗pi∗P
′ ∼= piρ∗ρ∗P
′. Hence we get
Egr,ρ =
k+1⊕
i=1
E
(1)
i /E
(1)
i−1 .
Similarly, the flag E• defines weights α
(2) and a flag E
(2)
• of Eσ such that
Egr,σ =
k+1⊕
i=1
E
(2)
i /E
(2)
i−1 .
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Set i0 := min{i ∈ {1, . . . , k + 1} |ϕ|E(1)i
6= 0} and j0 := min{j ∈ {1, . . . , k + 1} | s|E(2)j
6= 0}.
Then the restrictions ϕ
|E
(1)
i0
and s
|E
(2)
j0
define non-trivial homomorphisms
ϕ0 : E
(1)
i0
/E
(1)
i0−1
→ L , s0 : E
(2)
j0
/E
(2)
j0−1
→ C .
Let ϕgr : Egr,ρ → L and sgr : Egr,σ → C be the compositions of the natural projections with
these homomorphisms. We call
df(E•,α)(E,L,ϕ, s) := (Egr, L, ϕgr, sgr) .
the admissible deformation of (E,L,ϕ, s) along (E•, α).
Definition 3.6. We define S-equivalence as the equivalence relation generated by isomor-
phisms and the relations
(E,L,ϕ, s) ∼S df(E•,α)(E,L,ϕ, s)
for all critical flags (E•, α).
3.4. Parameterized Families. In order to define a moduli functor we need to introduce the
notion of a parameterized family: Denote by Jacl(X) the Jacobian of line bundles of degree
l on X and fix a Poincare´ bundle L on Jacl×X.
Definition 3.7. A family of decorated swamps of type (d, l) parameterized by a scheme S is
a tuple DS = (ES , κS , N1,S , N2,S , ϕS , sS) consisting of
• a vector bundle ES of rank r on S ×X, such that for any point s ∈ S the restriction
of ES to {s} ×X is of degree d,
• a morphism κS : S → Jac
l,
• a line bundle N1,S on S,
• a homomorphism ϕS : ES,ρ → pr
∗
S NS ⊗ (κS × idX)
∗L such that for any s ∈ S the
restriction to {s} ×X is non-trivial
• and a surjective homomorphism sS : ES,σ|S×{x0} → N2,S.
Two families DS and D
′
S are considered isomorphic, if κS = κ
′
S holds and there are
• a line bundle LS on S and an isomorphism f : ES → E
′
S ⊗ pr
∗
S LS,
• an isomorphism h1 : N1,S → N
′
1,S ⊗ L
⊗ deg(ρ)
S with
(ϕ′S ⊗ idL⊗deg(ρ)S
) ◦ fρ = (pr
∗
S h1 ⊗ id(κS⊗idX)∗L) ◦ ϕS ,
• and an isomorphism h2 : N2,S → N
′
2,S ⊗ L
deg(σ)
S such that
(s′S ⊗ idL⊗ deg(σ)S
) ◦ fσ|S×{x0} = h2 ◦ sS .
Note that for a point s ∈ S a family DS defines a decorated swamp
DS|s := (ES|{s}×X , (κ(s) × idX)
∗L, ϕS|{s}×X , sS|{s}).
Definition 3.8. A family DS parameterized by S is called (δ1, δ2)-(semi-)stable if for any
s ∈ S the restriction DS|s is (δ1, δ2)-(semi-)stable.
We are now ready to state the main result of this work. Recall that in Remark 3.4 we have
fixed numbers a2, b2, c2 such that the representation σ is a direct summand of the natural
representation on (Cr)a2,b2,c2 .
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Theorem 3.9. For a2δ2 < 1 the (projective) coarse moduli space of (δ1, δ2)-(semi-)stable
decorated swamps of type (d, l) exists.
The rest of this article is devoted to the construction of this moduli space. The proof of
the theorem is given in section 6.
4. The Parameter Space
As a first step towards the construction of the moduli space we construct a parameter space
with a locally universal family of decorated swamps. In order to be able to apply GIT we
then construct an equivariant morphism from this parameter space into a projective space.
4.1. Construction of the Parameter Space. We start with a result on boundedness.
Proposition 4.1. There is a constant C such that for any (δ1, δ2)-semistable decorated swamp
(E,L,ϕ, s) any non-trivial proper subbundle F ⊂ E satisfies
µ(F ) < µ(E) + C .
Proof. Consider the weighted flag (0 ⊂ F ⊂ E, (1)) of E. Semistability implies
deg(E) rk(F )− deg(F ) rk(E) + δ1µ1(E•, α, ϕ) + δ1µ2(E•, α, s) ≥ 0 .
Using (5) and (6) we find
µ(F ) ≤ µ(E) + (δ1a1 + δ2a2)
r − 1
r
.

By standard arguments it follows that there is a natural number n0 such that for n ≥ n0
and a (δ1, δ2)-semistable decorated swamp (E,L,ϕ, s) we have h
1(E(n)) = 0 and E(n) is
globally generated. We fix n ≥ n0 and set p(n) := d+ r(n+ 1− g) and Y := C
p(n).
Definition 4.2. A family of decorated quotient swamps of type (d, l) parameterized by a
scheme S is a tuple (qS, κS , N1,S , N2,S , ϕS , sS) where qS : pr
∗
X OX(−n)⊗ Y → ES is a vector
bundle quotient on S×X such that (ES , κS , N1,S , N2,S , ϕS , sS) is a family of decorated swamps
of type (d, l) and
prS∗(qs ⊗ idpr∗X OX(n)) : Y ⊗OS → prS∗(ES ⊗ pr
∗
X OX(n))
is an isomorphism.
These families define the moduli functor of decorated quotient swamps.
Proposition 4.3. The fine moduli space of decorated quotient swamps of type (d, l) exists.
Proof. We construct the moduli space over the parameter space of swamps from [Sch08,
§2.3.5]: let Quotn be Grothendieck’s Quot scheme for quotients of rank r and degree d of
Y ⊗OX(−n) on X and let q : Y ⊗pr
∗
X OX(−n)→ Q be the universal quotient on Quotn×X.
There is an open subscheme Quot0n consisting of the points s ∈ Quotn such that Qs is a vector
bundle and H0(qs(n)) is an isomorphism. We set E := Q|Quot0n×X . For sufficiently large m
the pushforward of the sheaves
F : = (prQuot0n × idX)
∗Eρ ⊗ pr
∗
X OX(m) ,
G : = (prJacl × idX)
∗L ⊗ pr∗X OX(m) .
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to P0 := Quot
0
n× Jac
l will be locally free. On the projective bundle
P1 := P(Hom(prP0∗F ,prP0∗ G)
∨)
we have the tautological homomorphism
f : pr∗P0 prP0∗F → pr
∗
P0 prP0∗ G ⊗ OP1(1) .
Let K be the kernel of the surjective evaluation homomorphism
evF : pr
∗
P0 prP0∗F → (prP0 × idX)
∗F
and denote by h the restriction of (evG ⊗ idOP1(1)) pr
∗
P1
f to K. Then, there is a closed
subscheme I := V (h) ⊂ P1 such that a morphism ψ : T → P1 factors via V (h) if and
only if ψ∗h is trivial (see [Sch08, Proposition 2.3.5.1]). Thus, on I ×X we have a universal
homomorphism
ϕ : (prQuot0n × idX)
∗Eρ → (prJacl × idX)
∗L ⊗OP1(1) .
Over I we consider the bundle
P := P
(
(prQuot0n × idX)
∗Eσ
)
|I×{x0}
.
On P ×X we have the quotient
q˜ : Y ⊗ pr∗X OX(−n)→ E˜ := pr
∗
Quot0n
E ,
the homomorphism
ϕ˜ : E˜ρ → L˜⊗ pr
∗
P N˜1
with κ˜ := prJacl , L˜ := (κ˜×idX)
∗L and N˜1 := pr
∗
P1
OP1(1), and the tautological homomorphism
s˜ : E˜σ|P×{x0} → N˜2 := OP(P )(1) .
It is a routine exercise to check that the family (q˜, κ˜, N˜1, N˜2, ϕ˜, s˜) is universal. 
4.2. The Gieseker Space. We recall the construction of the Gieseker space from [Sch08,
§2.3.5]. Let Jacd be the Jacobian of line bundles of degree d on X and choose a Poincare´
bundle P on Jacd×X. For sufficiently large n the sheaf
G1 := Hom
(
r∧
Y ⊗OJacd ,prJacd ∗(P ⊗ pr
∗
X OX(rn))
)
on Jacd is locally free. We define Gies1 := P(G
∨
1 ). Without loss of generality we may assume
OGies1(1) to be very ample.
Let p : Quot0n → Jac
d denote the morphism determined by det(E). Then, there is a line
bundle A on Quot0n such that det(E)
∼= pr∗
Quot0n
A ⊗ (p × idX)
∗P. The pushforward of the
homomorphism
r∧(
q ⊗ idpr∗X Ox(n)
)
:
r∧
Y ⊗OQuot0n ×X → det(E)⊗ pr
∗
X OX(nr)
from Quot0n×X to Quot
0
n determines a GL(Y )-equivariant morphism ι1 : Quot
0
n → Gies1
over Jacd with ι∗1OGies1(1) = A.
On J := Jacd× Jacl consider the locally free sheaf
G2 := Hom
(
Ya1,b1 ⊗OJ ,prJ∗
(
pr∗
Jacd×X
P⊗c1 ⊗ pr∗
Jacl×X
L ⊗ pr∗X OX(na1)
))
.
and set Gies2 := P(G2). Again one may assume OGies2(1) very ample.
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On I ×X we have the surjection
Ya1,b1 ⊗ pr
∗
X OX(−a1n)→ Ea1,b1 → Eρ ⊗ det(E)
⊗c1 .
The composition with ϕ˜⊗ iddet(E)⊗c1 leads to a homomorphism
Ya1,b1 ⊗OI×X → L⊗ pr
∗
I N1 ⊗ det(E)
⊗c1 ⊗ pr∗X OX(na1) .
The pushforward to I yields a homomorphism
Ya1,b1 ⊗OI → prI∗(L⊗ prJacd×X P
⊗c1 ⊗ pr∗X OX(na1))⊗ B
with B := N1 ⊗ A. This defines a GL(Y )-equivariant morphism ι2 : I → Gies2 over Jac
d
with ι∗2OGies2(1) = B. The Gieseker morphism from [Sch08, §2.3.5] is the injective equivariant
morphism
(ι1 ◦ prQuot0n , ι2) : I → Gies1×Jacd Gies2 .
On P ×X we have the surjection
Ya2,b2 ⊗OP×X(−a2n)→ Ea2,b2 → Eσ ⊗ det(E)
⊗c2 .
Restricting to P × {x0} and composing with s˜ leads to a homomorphism
Ya2,b2 ⊗OP → N2 ⊗ pr
∗
Quot0n
A⊗c2 ⊗ (pr∗
Jacd×X
P⊗c2)|P .
This defines a GL(Y )-equivariant morphism
ι3 : P → P(Ya2,b2) =: Gies3 .
Definition 4.4. We define the Gieseker morphism as
giesn := (ι1 ◦ prQuot0n , ι2, ι3) : P → Giesn := Gies1×Jacd Gies2×Gies3 .
It is easy to see that giesn is injective and GL(Y )-equivariant.
4.3. GIT Stability in the Gieseker Space. Let Ld and L be line bundles of degree d and
l respectively. The fiber of Giesn over the corresponding point in Jac
d× Jacl is isomorphic to
P
(
Hom
(
r∧
Y,H0(Ld(nr))
)∨)
×P
(
Ya1,b1 ,H
0(L⊗c1d ⊗ L(a1n)
∨
)
×P(Ya2,b2) .
Let q : Y ⊗ OX(−n) → E be a generically surjective morphism of vector bundles with
rk(E) = r and det(E) = Ld, and let [M ] ∈ Gies1 denote the point defined by q. For a
one-parameter subgroup λ of SL(Y ) with associated weighted flag (Y•, α) we calculate
(7) µ(λ, [M ]) =
l(Y•)∑
j=1
αj (p(n) rk(Fj)− rk(E) dim(Yj)) .
Here Fj denotes the subsheaf q(Yj ⊗OX(−n)) ⊂ E generated by Yj.
For two points T1 ∈ P
(
Ya1,b1 ,H
0(L⊗c1d ⊗ L(a1n)
∨
)
and T2 ∈ P(Ya2,b2) we find
µ(λ, [T1]) = −min


l(Y•)∑
j=1
αj(a1 dim(Yj)− p(n)νj(i))
∣∣∣∣ i ∈ I1 : T1|Y ⊗i 6= 0

 ,(8)
µ(λ, [T2]) = −min


l(Y•)∑
j=1
αj(a2 dim(Yj)− p(n)νj(i))
∣∣∣∣ i ∈ I2 : T2|Y ⊗i 6= 0

 .(9)
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Here, I1, I2 and νj are as in equations (5) and (6). For i ∈ Im we define
Y ⊗i :=
am⊗
j=1
Yij ⊂ Yam,bm , m = 1, 2 .
In particular we have the estimate
(10) − a2
l(Y•)∑
j=1
αj dim(Yj) ≤ µ(λ, [T2]) ≤ a2
l(Y•)∑
j=1
αj
(
p(n)− dim(Yj)
)
.
We linearize the action of GL(Y ) in the line bundle
OGiesn(η, θ1, θ2) := OGies1(η) ⊠OGies2(θ1)⊠OGies3(θ2)
with
(11) η := z(p(n)− a1δ1 − a2δ2) , θ1 := zrδ1 , θ2 := zrδ2 .
Here, z is a natural number such that η, θ1 and θ2 are positive integers.
5. Comparison of Stability Conditions
The aim of this section is to show that for large enough n GIT stability of the image under
the Gieseker morphism of a point in the parameter space is equivalent to stability of the
corresponding decorated swamp. For this purpose we introduce a third notion of stability.
5.1. Section Stability. For a weighted flag (E•, α) and a number n we define the quantity
M s(E•, α, n) :=
k∑
i=1
αi
(
h0(E(n)) rk(Ei)− h
0(Ei(n)) rk(E)
)
.
Definition 5.1. We call a decorated swamp (E,L,ϕ, s) (δ1, δ2, n)-section-(semi-)stable if any
weighted filtration (E•, α) of E satisfies
M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s)(≥)0 .
Lemma 5.2. There is an n2 ≥ n1 such that for n ≥ n2 and a (δ1, δ2, n)-section-semistable
swamp (E,L,ϕ, s) we have h1(E(n)) = 0.
Proof. Assume h1(E(n)) = h0(E∨(−n) ⊗ ωX) 6= 0 and let f : E → ωX(−n) be a non-trivial
homomorphism. Section semistability for the weighted flag (0 ⊂ ker(f) ⊂ E, (1)) implies
h0(F (n)) rk(E) ≤ h0(E(n)) rk(F ) + (a1δ1 + a2δ2) rk(F ) .
Using h0(E(n)) − g ≤ h0(F (n)), rk(F ) = rk(E)− 1 and the Riemann–Roch theorem we find
µ(E) + n+ 1− g ≤
h0(E(n))
rk(E)
≤ g +
rk(E) − 1
rk(E)
(a1δ1 + a2δ2)
Thus, we get a contradiction for n ≥ 2g − µ(E) + (a1δ1 + a2δ2). 
The above lemma together with the Riemann–Roch theorem implies:
Corolary 5.3. For n ≥ n2 and a (δ1, δ2, n)-section-semistable swamp (E,L,ϕ, s) we have
M(E•, α) ≥M
s(E•, α, n) .
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Lemma 5.4. There is an n3 ≥ n2 such that for n ≥ n3 and a (δ1, δ2)-semi-stable swamp
(E,L,ϕ, s) any subbundle F ⊂ E with h1(F (n)) 6= 0 satisfies
h0(E(n)) rk(F )− h0(F (n)) rk(E)− rk(F )(a1δ1 + a2δ2) > 0 .
Proof. By Proposition 4.1 there is a constant C such that µ(F ) ≤ µ(E) + C holds for all
(δ1, δ2)-semi-stable decorated swamps (E,L,ϕ, s) and all subbundles F of E. We set
C ′ := g + C +
a1δ1 + a2δ2
rk(E)
and divide the set of isomorphism classes of subbundles of a vector bundle E occurring in
some semi-stable decorated swamp into two subsets
A : = {[F ] |µmin < µ(E) +C − rk(F )C
′} ,
B : = {[F ] |µmin ≥ µ(E) +C − rk(F )C
′} .
Suppose [F ] ∈ A. The Le Potier–Simpson estimate [LP97, Lemma 7.1.2] yields
h0(F (n)) ≤ (rk(F )− 1)[µmax(F (n)) + 1]+ + [µmin(F (n)) + 1]+ .
The inequality defining A and the Riemann–Roch theorem then imply
h0(F (n)) < rk(F )
h0(E(n))
rk(E)
−
rk(F )
rk(E)
(a1δ1 + a2δ2) .
For [F ] ∈ B, the definition of B and Proposition 4.1 lead to
µ(E) + C − rk(F )C ′ ≤ µ(F ) < µ(E) + C .
Thus, the set {deg(F ) | [F ] ∈ B} is finite and hence B is bounded. In particular, there is an
n3 ≥ n2 such that h
1(F (n)) = 0 for n ≥ n3. 
Definition 5.5. Let (E•, α) be a weighted flag. We decompose the set of indices into two
subsets IA = {iA1 < . . . < i
A
kA
} and IB = {iB1 < . . . < i
B
kB
} such that i ∈ IA if h1(Ei(n)) 6= 0
and i ∈ IB otherwise. Then we define the flags
EA/B : 0 ⊂ E
i
A/B
1
⊂ · · · ⊂ E
i
A/B
kA/B
⊂ E
and the weight vectors αA/B := (α
i
A/B
1
, . . . , α
i
A/B
kA/B
).
Proposition 5.6. For n ≥ n3, a (δ1, δ2)-semi-stable swamp (E,L,ϕ, s) and a weighted flag
(E•, α)
M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s)
≥M(EB• , α
B) + δ1µ1(E
B
• , α
B , ϕ) + δ2µ2(E
B
• , α
B, s) .
Proof. i) Suppose (E•, α) = (E
B
• , α
B), i.e., h1(Ei(n)) = 0 for all i. Then, the Riemann–Roch
theorem implies
M s(E•, α, n) =M(E•, α) .
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ii) If there is an index i with h1(Ei(n)) 6= 0 then we use the decomposition from Definition 5.5.
Using the estimate (3) we get
M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s)
≥M s(EB• , α
B , n) + δ1µ1(E
B
• , α
B, ϕ) + δ2µ2(E
B
• , α
B , s)
+M s(EA• , α
A, n)− (δ1a1 + δ2a2)
l(EA• )∑
j=1
αAj rk(E
A
j ) .
The last term is positive by Lemma 5.4. The claim now follows from part (i). 
Corolary 5.7. For n ≥ n3 a decorated swamp (E,L,ϕ, s) is (δ1, δ2)-(semi-)stable if and only
if it is (δ1, δ2, n)-section-(semi-)stable. In this case every weighted flag (E•, α) satisfies
M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s)(≥)0
⇐⇒ M(E•, α) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s)(≥)0 .
5.2. Slope and GIT Stability. In the following let p ∈ P be a point and let (E,L,ϕ, s) be
the decorated swamp defined by p.
If (E•, α) is a weighted flag of E, we associate with it a weighted flag Γp(E•, α) in the
following way: Set Uj := H
0(qp(n))
−1H0(Ej(n)) and let Y• be the induced flag of Y . For
1 ≤ h ≤ l(Y•) we define J(h) := {j |Uj = Yh} and
βh :=
∑
j∈J(h)
αj , 1 ≤ h ≤ l(Y•) .
Note that we also allow the trivial flag 0 ⊂ Y with weight β ∈ {0}. Then we set Γp(E•, α) :=
(Y•, β).
Proposition 5.8. (1) For a weighted flag (E•, α) and a one-parameter subgroup λ of
SL(Y ) with associated weighted flag Γ(E•, α) = (Y•, β) we have
µ(λ, giesn(t))
zp(n)
≤M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s) .
(2) If equality holds, one has l(E•) = l(Y•) and Ej is generically generated by Yj for
1 ≤ j ≤ l(E•).
Proof. Let Fh ⊂ E be the subbundle generated by Yh⊗OX(−n). We define j(h) := min J(h).
For 1 ≤ h ≤ l(Y•) and j ∈ J(h) we have dim(Yh) = h
0(Ej(n)) and rk(Fh) ≤ rk(Ej). For
j ∈ J(0) we find h0(Ej(n)) = 0. Now (7) implies
µ(λ, [M ]) ≤
l(E•)∑
j=1
αj
(
p(n) rk(E)− h0(Ej(n)) rk(E)
)
,
Note that equality can only hold, if J(0) = ∅ and rk(Fh) = rk(Ej) for j ∈ J(h).
Let h(1) and h(1) be tuples for which the minimum in (8) and (9) is attained. For an index
0 ≤ j ≤ l(E•) let 1 ≤ h(j) ≤ l(Y•) be the index with Yh(j) = Uj. Since νh(j)(h
(m)) = 0 and
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h0(Ej(n)) = 0 for m = 1, 2, j ∈ J(0) we find
µ(λ, [T1]) =
l(E•)∑
j=1
αj
(
p(n)νh(j)(h
(1))− a1h
0(Ej(n))
)
,
µ(λ, [T2]) =
l(E•)∑
j=1
αj
(
p(n)νh(j)(h
(2))− a2h
0(Ej(n))
)
.
With our choice of a linearization the above calculations show
µ(λ, giesn(p)) =ηµ(λ, [M ]) + θ1µ(λ, [T1]) + θ2µ(λ, [T2])
≤zp(n)

l(E•)∑
j=1
αj
(
h0(E(n)) rk(Ej)− rk(E)h
0(Ej(n))
)
+ δ1
l(E•)∑
j=1
αj
(
rνh(j)(h
(1))− a1 rk(Ej)
)
+ δ2
l(E•)∑
j=1
αj
(
rνh(j)(h
(2))− a2 rk(Ej)
) .
Let now j
(m)
l := j(h
(m)
l ), m = 1, 2, l = 1, . . . , am. Since T1|Y ⊗h(1) 6= 0 and the bundle F
⊗h(1)
generated by Y ⊗h
(1)
is contained in E⊗j
(1)
it is clear that ϕ
|E⊗j
(1) 6= 0. Thus, equation (5)
yields
µ1(E•, α, ϕ) ≥
l(E•)∑
j=1
αj
(
rνj(j
(1))− a1 rk(Ej)
)
.
Similarly, equation (6) implies
µ2(E•, α, s) ≥
l(E•)∑
j=1
αj
(
rνj(j
(2))− a2 rk(Ej)
)
.
Because j(h) ≤ j is equivalent to h ≤ h(j) we get νh(j)(h
(m)) = νj(j
(m)) for m = 1, 2. This
finally leads to
µ(λ, giesn(p))
zp(n)
≤M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s) .

Let (Y•, β) be a weighted flag of Y . Let Fh ⊂ E be the subsheaf generated by Yh and let E
′
h
be the subbundle generically generated by Fh. Let E• be the flag induced by the subbundles
E′h with h
1(Fh(n)) = 0. For an index 1 ≤ j ≤ l(E•) we set H(j) := {1 ≤ h ≤ l(Y•) |E
′
h = Ej},
h(j) := minH(j) and define
αj :=
∑
h∈H(j)
βh , 1 ≤ j < l(E•) .
This defines the weighted flag Qp(Y•, β) := (E•, α).
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Proposition 5.9. Suppose that δ2a2 < 1, n ≥ n3 and (E,Lϕ, s) is (δ1, δ2)-semi-stable.
(1) For any one-parameter subgroup λ with associated weighted flag (Y•, β) the weighted
flag (E•, α) = Qp(Y•, β) satisfies
µ(λ, giesn(t))
zp(n)
≥M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2(E•, α, s) .
(2) If equality holds, we have l(Y•) = l(E•), h
1(Fj(n)) = 0, Ej is generated by Yj and
Yj = H
0(q(n))−1(H0(Ej)) for 1 ≤ j ≤ l(Y•).
Proof. We first assume h1(Fh(n)) = 0 for all h. With dim(Yh) ≤ h
0(Fh) and (7) we get
µ(λ, [M ]) =
l(Y•)∑
h=1
βh (p(n) rk(Fh)− r dim(Yh))
≥
l(E•)∑
j=1
∑
h∈H(j)
βh
(
p(n) rk(Fh)− rh
0(Fh(n))
)
+
∑
h∈H(l(E•)+1)
βhr (p(n)− dim(Yh)) .
Note that here equality can only occur if dim(Yh) = h
0(F (n)) for all h.
Let i(m), m = 1, 2, be tuples for which the minimum is attained in (5) and (6) respectively.
We define h
(m)
k := h(i
(m)
k ), k = 1, . . . , am, for m = 1, 2. Since Y
⊗h(1) generically generates
E⊗i
(1)
and ϕ
|E⊗i
(1) 6= 0 it follows that T
1|Y ⊗h
(1) is non-trivial. Then, equation (8) says
µ(λ, [T1]) ≥
l(E•)∑
j=1
∑
h∈H(j)
βh
(
p(n)νh(h
(1))− a1h
0(Fh(n))
)
+ a1
∑
h∈H(l(E•)+1)
βh(p(n)− dim(Yh)) .
If the torsion sheaf Th := E
′
h/Fh does not vanish, T2|Y ⊗h(2) may be trivial even if s|E⊗i(2) is
not. Using (9) we merely find the estimate
µ(λ, [T2]) ≥
l(E•)∑
j=1
∑
h∈H(j)
βh
(
p(n)(νh(h
(2))− a2h
0(Th))− a2h
0(Fh(n))
)
− a2
∑
h∈H(l(E•)+1)
βh dim(Yh) .
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The above calculations lead to
µ(λ, giesn(p))
zp(n)
≥
l(E•)∑
j=1
∑
h∈H(j)
βh
(
h0(E(n)) rk(Fh)− rh
0(Fh(n))− a2δ2rh
0(Th)
)
+ δ1
l(E•)∑
j=1
∑
h∈H(j)
βh
(
rνh(h
(1))− a1 rk(Fh)
)
+ δ2
l(E•)∑
j=1
∑
h∈H(j)
βh
(
rνh(h
(2))− a2 rk(Fh)
)
+ r
∑
h∈H(l(E•)+1)
βh (p(n)− dim(Yh)− a2δ2) .
Due to our assumption on a2 the term (p(n)−dim(Yh)−a2δ2) is positive. Because we assume
h1(Fh(n)) = 0 we have h
0(E′h(n)) = h
0(Fh(n)) + h
0(Th) and thus
rh0(Fh(n)) + a2δ2rh
0(Th) = rh
0(E′h(n))− rh
0(Th)(1 − a2δ2) ≤ rh
0(E′h(n)).
Note that equality can only hold if Th = 0 and thus E
′
h = Fh for all h.
Using rk(Fh) = rk(E
′
h) = rk(Ej), h
0(E′h) = h
0(Ej) and νh(h
(m)) = νj(i
(m)) for h ∈ H(j)
one finds
µ(λ, giesn(p))
zp(n)
≥M s(E•, α, n) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s) .
Now let (Y•, β) be an arbitrary weighted flag. Similarly to Definition 5.5 we decompose the
flag (Y•, β) into two flags (Y
A
• , β
A) and (Y B• , β
B) such that h1(FBh (n)) = 0 for all 1 ≤ h ≤
l(Y B• ) and h
1(FAh (n)) 6= 0 for all 1 ≤ h ≤ l(Y
A
• ). Using (3) we get
µ(λ, gies(p)) = ηµ(Y•, β, [M ]) + θ1µ(µ(Y•, β, [T1]) + θ2µ(Y•, β, [T2])
≥ ηµ(Y A• , β
A, [M ])− (a1θ1 + a2θ2)
l(Y A• )∑
h=1
βAh dim(Y
A
h )
+ ηµ(Y B• , β
B , [M ]) + θ1µ(Y
B
• , β
B , [T1]) + θ2µ(Y
B
• , β
B , [T2]) .
Using the linearization (11), the stability condition (7) and dim(Y Ah ) ≤ h
0(FAh ) we find
ηµ(Y A• , β
A, [M ])− (a1θ1 + a2θ2)
l(Y A• )∑
h=1
βAh dim(Y
A
h )
≥zp(n)
l(Y A• )∑
h=1
βAh
[
h0(E(n)) rk(FAh )− h
0(FAh (n)) rk(E)− (a1δ1 + a2δ2) rk(F
A
h )
]
.
This expression is positive by Lemma 5.4. Note that equality can only hold if h1(Fh(n)) = 0
for all h. 
Corolary 5.10. For a2δ2 < 1, n ≥ n3 and a point p ∈ Pn the decorated swamp (E,L,ϕ, s)
is (δ1, δ2, n)-section-(semi-)stable if and only if giesn(p) is GIT (semi-)stable.
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6. Proof of Theorem 3.9
This section is devoted to the proof of the main theorem. We first exhibit a family of
decorated swamps with the local universal property. Then we check that our definition of
S-equivalence in Definition 3.6 agrees with the general notion from subsection 2.2. Finally
we show that the restriction of the Gieseker morphism to the locus of (δ1, δ2)-semi-stable
decorated swamps is proper. Together with injectivity this will allow us to construct the
good quotient of the parameter space.
6.1. The Local Universal Property. We denote by P
(s)s
n := gies
−1
n (Gies
(s)s) the open
subscheme of (δ1, δ2)-(semi-)stable decorated swamps.
Lemma 6.1. The family (E˜, κ˜, N˜1, ϕ˜, s˜) parameterized by P
(s)s
n satisfies the local universal
property for (δ1, δ2)-(semi-)stable decorated swamps.
Proof. Let DS = (ES , κS , NS , ϕS , sS) be a family parameterized by a scheme S and s ∈ S
a point. By Proposition 4.1 and the local universal property of the Quot scheme there is a
neighborhood U of s and a morphism f0 : U → Quot
0
n with (f0× idX)
∗Q ∼= E|U×X . The quo-
tient (f0× idX)
∗q and the restriction of DS to U define a family of decorated quotient swamps
on U . By Proposition 4.3 this defines a morphism f : U → Pn over f0. By Corollary 5.10 f
factorizes via P
(s)s
n . 
Proposition 6.2. Let f1, f2 : S → Pn be two morphisms. The pullbacks of the family
D := (E˜, κ˜, N˜1, ϕ˜, s˜) are isomorphic if and only if there exists a morphism g : S → PGL(Y )
such that g · f1 = f2.
Proof. Suppose f∗1D
∼= f∗2D. Then there is a line bundle LS on S and an isomorphism
(f1 × idX)
∗E˜ → (f2 × idX)
∗E˜ ⊗ LS. This leads to an isomorphism Y ⊗ OS×X → Y ⊗ LS ,
inducing the desired morphism g : G→ PGL(Y ). The converse is clear. 
6.2. S-Equivalence. Suppose n ≥ n4, a2δ2 < 1 and let p ∈ P
ss
n be a point with associated
decorated swamp (E,L,ϕ, s).
Lemma 6.3. The maps Γp and Qp define a bijection between the set of weighted flags (Y•, β)
of Y , such that any one-parameter subgroups λ of SL(Y ) with associated flag (Y•, β) satisfies
µ(λ, giesn(p)) = 0 and the set of weighted flags (E•, α) of E such that
(12) M(E•, α) + δ1µ1(E•, α, ϕ) + δ2µ2(E•, α, s) = 0 .
Proof. If λ is a one-parameter subgroup with associated flag (Y•, β) and µ(λ, giesn(p)) = 0
then by Proposition 5.9 the corresponding weighted flag (E•, α) = Qp(Y•, β) satisfies (12).
Again Proposition 5.9 shows Γp ◦Qp(Y•, β) = (Y•, β).
Let (E•, α) be a weighted flag satisfying (12). By section 5.8 we find µ(λ, giesn(p)) = 0 for
any one-parameter subgroup λ with associated flag (Y•, β) = Γp(E•, α). Then Ej is generically
generated by Yj. By Proposition 5.9 we get Qp(Y•, β) = (E•, α). 
Proposition 6.4. Let λ be a one-parameter subgroup of SL(Y ) with µ(λ, giesn(p)) = 0,
p∞ := limt→∞ λ(t) · p the limit point and (Y•, β) the associated weighted flag. Then, the
admissible deformation of (E,L,ϕ, s) along (E•, α) := Qp(Y•, β) is isomorphic to the decorated
swamp defined by p∞.
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Proof. We choose a splitting Y =
⊕l(Y•)+1
i=1 Y
i such that Yj =
⊕j
i=1 Y
i for j = 1, . . . , l(Y•).
Define γ := γ(Y•, α) and let Y denote the sheaf
Y :=
l(Y•)+1⊕
i=1
Y i ⊗ tγi−γ1OS =
l(Y•)+1∑
j=1
Yj ⊗ t
γj−γ1OS
on S := Spec(C[t]). We consider the isomorphism ψ : Y ⊗ OS → Y given by ψ(y ⊗ 1) =
y ⊗ tγi−γ1 for y ∈ Y i and the quotient
qS : Y ⊗ pr
∗
X OX(−n)
ψ
→ pr∗S Y ⊗ pr
∗
X OX(−n)→
l(Y•)+1∑
j=1
tγj−γ1 pr∗X Ej =: ES
on S ×X induced by q.
Let (F•, α
(1)) and (G•, α
(2)) denote the induced weighted flags of Eρ and Eσ respectively
and set γ(1) := γ(F•, α
(1)), γ(2) := γ(G•, α
(2)). Then the associated bundles of ES are
ES,ρ =
l(F•)+1∑
i=1
tγ
(1)
i −γ
(1)
1 pr∗X Fi , ES,σ =
l(G•)+1∑
j=1
tγ
(2)
j −γ
(2)
1 pr∗X Gj .
Define i0 := min{i |ϕ|Fi 6= 0} and j0 := min{j | s|Gj 6= 0} and consider the homomorphisms
ϕS : ES,ρ → t
γ
(1)
i0
−γ
(1)
1 pr∗X L , sS : ES,σ|S×{x0} → t
γ
(2)
j0
−γ
(2)
1 OS
induced by ϕ and s. Let κS : S → Jac
l be the constant map determined by L and set NS :=
t
γ′i0
−γ′1OS . These data define a family of decorated quotient swamps D := (qS , κS , NS , ϕ, s).
One checks that Dt=1 = (E,L,ϕ, s) while Dt=0 = df(E•,α)(E,L,ϕ, s). The family D also
determines a morphism f : S → Pn such that f(t) = λ(t)
−1 · p. This proves the claim. 
6.3. Properness of the Gieseker Morphism.
Proposition 6.5. Suppose a2δ2 < 1. Then, there is an n4 ≥ n3 such that for n ≥ n4 the
restriction
giesss := giesn|P ss : P
ss
n → Gies
ss
n
is proper.
Proof. We check the valuative criterion for discrete valuation rings: let R be a discrete valu-
ation ring, Q its field of fractions and consider the diagram
Spec(K)
f
//
p

P ssn
giesssn

Spec(R)
h
// Giesssn .
The morphism f defines a family of decorated quotient swamps (q′K , κ,N1, N2, ϕ, s) on Spec(K).
Since Quot is projective, the quotient q′K extends uniquely to Spec(R). The coherent sheaf
Q over the special point 0 may have torsion, we consider the modified homomorphism
qR : Y ⊗ pr
∗
X OX(−n)→ QR → ER := Q
∨∨
R .
As a reflexive sheaf on a regular surface the sheaf ER is locally free (see [Har80, 1.3, 1.4]).
The composition κR := prJacd ◦h is the unique extension of κK to Spec(R). Using ER and κR
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one constructs parameter space Φ, projective over Spec(R), with a universal homomorphism
ϕ˜ : ER,ρ → OΦ(1) ⊗ (κR × idX)
∗L. This allows to extend N1 and ϕK to R. Finally, the
homomorphism sK defines a morphism Spec(K) → Ψ := P(Ya2,b2), which has a unique
extension Spec(R) → Ψ. This defines the family (qR, κR, N1, N2, ϕR, sR) parameterized by
Spec(R), which induces the morphism h : Spec(R)→ Giesssn .
It remains to show that qR is a quotient. Let q : Y ⊗ OX(−n) → E be the restriction of
qR to the special fiber and let U be the kernel of H
0(q(n)). GIT-semistability with respect
to the weighted flag (0 ⊂ U ⊂ Y, (1)) implies
(13)
0 ≤ ηµ(λ, [M ]) + η1µ(λ, [T1]) + η2µ(λ, [T2])
≤ zp(n)r(δ2a2 − dim(U)) .
Due to our assumption for δ2 this shows U = {0}.
Let now E → Q be a quotient of minimal slope and set U := ker(Y → H0(Q(n))). GIT-
semistability with respect to the flag ({0} ⊂ U ⊂ Y, (1)) yields
0 ≤(p(n)− a1δ1 − a2δ2)(p(n) rk(F )− r dim(U)) + (δ1ra1 + δ2ra2)(p(n)− dim(U))
=p(n)
[
(p(n) rk(F )− r dim(U)) + (a1δ1 + a2δ2)(r − rk(F ))
]
,
where F ⊂ E is the subsheaf generated by U . Using dim(U) ≥ dim(Y ) − h0(Q(n)) and
rk(E) ≥ rk(Q) + rk(F ) we find
µ(E) + n+ 1− g =
p(n)
rk(E)
≤
h0(Q(n))
rk(Q)
+
a1δ1 + a2δ2
rk(E)
.
Since Q is semistable we have h0(Q(n)) ≤ rk(Q)[µ(Q) + n+ 1]+ and thus
µmin(E) = µ(Q) ≥ µ(E)− g −
a1δ1 + a2δ2
rk(E)
.
This shows that the class of vector bundles E arising from this construction is bounded.
In particular there is an n4 ≥ n3, such that h
1(E(n)) = 0 and E(n) is globally generated
for n ≥ n4. Then, h
0(E(n)) = p(n) and H0(q(n)) is an isomorphism. It follows that q is
surjective.
It is clear that sR factors via Eσ|{x0}. Hence the family (qR, κR, N1, N2, ϕR, sR) defines a
morphism f¯ : Spec(R)→ P ssn extending f . 
Proof of Theorem 3.9. By Proposition 2.2 the projective good quotient Giesssn / SL(Y ) and
the geometric quotient Giessn /SL(Y ) exist. Since gies
ss
n is proper and injective, hence quasi-
finite, it is also finite by [Gro66, 8.11.1]. In particular, it is affine. Therefore, by Proposition 2.1
the projective good quotient P ssn / SL(Y ) and the geometric quotient P
s
n/SL(Y ) also exist.
These are also the quotients modulo PGL(Y ), and since the projection SL(Y ) → PGL(Y )
has finite kernel, the notions of (semi-)stability with respect to these groups coincide. Now,
Proposition 2.4 shows that these quotients are the coarse moduli spaces of (δ1, δ2)-(semi-
)stable decorated swamps. 
7. Examples
Immediate examples of our construction are the decorated vector bundles: A decorated
vector bundle is a pair (E, s) consisting of vector bundle E and a point s ∈ P(Eσ)|{x0}. If we
consider the trivial representation ρ : GL(r)→ {1}, then the category of decorated swamps of
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type (d, 0) is equivalent to the category of decorated vector bundles of degree d. The function
µ1(E•, α, ϕ) is then always zero and one may effectively substitute δ1 = 0 in all calculations.
7.1. Parabolic Vector Bundles. Fix a sequence 0 < r1 < . . . , < rk+1 = r and let F :=
Fl(Cr, r) denote the variety of flags of type r. Let σ be the natural action of GL(r) on
F . A decorated vector bundle (E, s) is then a quasi-parabolic vector bundle, i.e. a vector
bundle E with a flag U• of type r in E|{x0}. The variety F has a natural embedding into a
product of Grassmannians. If we linearize the action in OF (β1, . . . , βk) we find that (E, s) is
δ2-(semi-)stable if and only if
pardeg(F )
rk(F )
(≤)
pardeg(E)
rk(E)
holds for all subbundles F with the parabolic degree given by
pardeg(F ) := deg(F ) + δ2
k∑
i=1
βi dim(F|{x0} ∩ Ui) .
With the parabolic weights α˜i := δ2
∑k
j=i βj we recover the known stability condition from
Mehta–Seshadri [MS80].
Remark 7.1. For the construction of the moduli space we use the embedding F → P(V2) with
V2 :=
k⊗
i=j

r−rj∧ V


⊗βj
.
This representation is polynomial and homogeneous of degree a2 =
∑k
j=1 βj(r − rj). Due to
the condition a2δ2 < 1 we can only construct the moduli space for small weights. However, if
in the construction of the Gieseker space we replace P(Ya2,b2) by
∏k
i=1Gr(Y, r− rj) then the
estimate (10) can be improved to
−
l(Y•)∑
j=1
αj dim(Yj)
l∑
i=1
βi(r − ri) ≤ µ(λ, [T2]) ≤
l(Y•)∑
j=1
αj dim(Yj)
l∑
i=1
βi (p(n)− (r − ri)) .
Using this one can relax the condition on δ1 in Proposition 5.9 and Proposition 6.5 to α˜1 < 1.
We can therefore construct the moduli space for all admissible weights α˜k < . . . < α˜1 < 1.
7.2. Vector Bundles with Level Structure. Let W be a complex vector space of di-
mension r. A level structure on a vector bundle E is supposed to describe a trivialization
f : E|{x0} → W . In order to obtain a projective moduli space one needs to enlarge the
category.
Seshadri [SD82] introduced the level structure as a homomorphism f : E|{x0} → W . Two
vector bundles with a level structure (E, f) and (E′, f ′) are said to be isomorphic, if there is
an isomorphism ψ : E → E′ such that f ′ ◦ ψ|{x0} = f . If σ is the natural action of GL(r) on
P(Hom(Cr,W )∨) then the category of vector bundles with a level structure is equivalent to
the category of decorated vector bundles. From Definition 3.3 it follows, that such an object
is δ2-(semi-)stable if and only if every subbundle F of E satisfies
(deg(E)− δ2) rk(F )− (deg(F )− δ2c(F, f)) rk(E)(≥)0 .
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where
c(F, f) :=
{
0 f|F|{x0}
= 0
1 f|F|{x0}
6= 0
.
This is equivalent to the stability condition of Seshadri [SD82, §4, I, De´f. 2].
Another approach uses completed homomorphisms: ConsiderH :=
∏r
i=1
(
End(
∧i
C
r) \ {0}
)
and let Ω′ ⊂ H ×Cr−1 be defined by
Ω′ :=

(f , l) ∈ H ×Cr−1
∣∣∣∣ ∀1 ≤ i ≤ r : ∧if1 =
i−1∏
j=1
li−jj fi, li 6= 0

 .
The closure Ω of Ω′ is the space of completed homomorphisms. A point f ∈ Ω is written as
f : Cr ⇒ Cr.
For a sequence r1 < . . . < rk+1 = r let Ωr be the subscheme
Ωr :=
{
(f , l) ∈ Ω
∣∣∣ ∀1 ≤ i ≤ r : li = 0⇔ i ∈ r} .
This defines a stratification
Ω =
⋃
r
Ωr .
Proposition 7.2 ([Laf98, Proposition 1]). A point f ∈ Ωr is uniquely determined by
(1) a tuple (l1, . . . , lk) ∈ C
r−1 with li = 0⇔ i ∈ r for 1 ≤ i < r,
(2) a descending flag W• of length k with dim(Wj) = r − rj, 1 ≤ j ≤ k,
(3) an ascending flag W ′• of length k with dim(W
′
j) = ri, 1 ≤ j ≤ k,
(4) and isomorphisms vj :Wj−1/Wj →W
′
j/W
′
j−1 for 1 ≤ j ≤ k + 1.
For our purposes we only need to recall how one recovers the point f ∈ Ωr from the flags
W•, W
′
• and the isomorphisms vi, 1 ≤ i ≤ k + 1: For a number i = 1, . . . , r we define
j−(i) : = max{j | j = 0, . . . , k , rj < i} , i− : = rj−(i) ,
j+(i) : = min{j | j = 0, . . . , k , i ≤ rj} , i
+ : = rj+(i) .
The isomorphisms vj induce an morphism hi
(14)
i∧
C
r // //
hi

✤
✤
✤
✤
i−i−∧
(Wj−(i)/Wj+(i))⊗
j−(i)⊗
j=1
rj−rj−1∧
(Wj−1/Wj)

i∧
C
r
i−i−∧
(W ′j+(i)/W
′
j−(i)
)⊗
j−(i)⊗
j=1
rj−rj−1∧
(W ′j/W
′
j−1) .oooo
If one defines
fi :=

 ∏
1≤j<i
j /∈r
li−jj

hi ,
then f = (f, l) ∈ Ωr is the desired point.
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The group (C∗)r acts freely on Ω by
(C∗)r × Ω→ Ω
(z, (f , l)) 7→ (f ′, l′)
with f ′i := zifi, 1 ≤ i ≤ r and l
′
i := z
−1
i−1z
2
i z
−1
i+1li for 1 ≤ i ≤ r−1, where z0 := 1. The quotient
PGL(r,C) := Ω/(C∗)r is isomorphic to the closure of the GL(r,C)-orbit of ([id∧i
C
r ], 1 ≤ i ≤
r) in
∏r
i=1P(End(
∧i
C
r)∨). This is the wonderful compactification of De Concini–Procesi
[DCP83].
A vector bundle with a level structure is defined to be a vector bundle E together with a
complete homomorphism f : E|{x0} ⇒ C
r. Let σ be the natural action of GL(r) on PGL(r,C).
Then the category of vector bundles with a level structure is equivalent to the category of
decorated vector bundles. We linearize the action in the line bundle
r∏
i=1
pr∗
P(End(
∧i
C
r)∨)OP(End(
∧i
C
r)∨)(θi) .
A level structure f on a vector bundle E determines a sequence r1 < . . . < rk < r, a de-
scending flag E• of E|{x0}, an ascending flagW
′
• ofC
r and elements [vi] ∈ Iso(Wi−1/Wi,W
′
i/W
′
i−1)/C
∗.
For a subspace V ⊂ E|{x0} we define
ci(V,W•) := min
{
dim(V/(V ∩Wj+(i))),dim(V/(V ∩Wj−(i))) + i− i−
}
.
Proposition 7.3. A vector bundle with a level structure (E, f) is δ2-(semi-)stable if and only
if any non-trivial proper subbundle F ⊂ E satisfies
degθ(E) rk(F )− degθ(F ) rk(E)(≥)0
where
degθ(F ) := deg(F )− δ2
r∑
i=1
θi ci(F|{x0},W•) .
Proof. Let V := E|{x0} and define hi :
∧i V → ∧iCr by the diagram similar to (14). Then
for the point [hi] ∈ P(Hom(
∧i V,∧iCr)∨) and a one-parameter subgroup λ of SL(V ) with
weighted flag (V•, α) one calculates
µ(λ, [ui]) =
l(V•)∑
k=1
αk
(
rci(Vk,W•)− dim(Vk)i
)
.
From this one easily deduces the claim. 
In order to compare this to results in the literature we introduce the polynomial
q(s) :=
∑
1≤i≤s
θii+
∑
s<i≤r
θis−
s
r
r∑
i=1
θii .
Lemma 7.4. We have
r∑
i=1
θi
(
rci(F|{x0},W•)− rk(F )i
)
= r
∑
s∈r
(
q
(
s− + dim(W j−(s))/W j+(s))
)
− q(s−)
)
,
where W j := F|{x0} ∩Wj .
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Proof. We calculate
A :=
∑
s∈r
(q(s− + dim(W j−(s)/W j+(s)))− q(s−))
=
r∑
i=1
θi

∑
s∈r
s>i+
(i− i) +Bs=i+ +
∑
s∈r
s≤i−
dim(W j−(s)/W j+(s))

 −
(
r∑
i=1
θii
)
rk(F )
r
,
where
Bs=i+ =
{
dim(W j−(s)/W j+(s)) , s− + dim(W j−(s)/W j+(s)) < i ,
t− s− , s− + dim(W j−(s)/W j+(s)) ≥ i
= min
{
dim(W j−(s)/W j+(s)), i− i−
}
.
Due to ∑
s∈r
s≤i−
dim(W j−(s)/W j+(s)) = dim(F|{x0}/W j−(i))
one finally gets
A =
r∑
i=1
θici(F|{x0},W•)−
(
r∑
i=1
θii rk(F )
)
1
r
.

Corolary 7.5. A vector bundle with a level structure (E, f) is δ2-(semi-)stable if and only if
any non-trivial proper subbundle F ⊂ E satisfies
deg(F )r(≤) deg(E) rk(F ) + rδ2
∑
s∈r
q
(
s− + dim(W j−(s)/W j+(s))
)
− q(s−) .
Thus, we recover the stability condition that Ngoˆ Dac used for the compactification of the
stack of shtukas [ND07, The´ore`me A].
7.3. Parabolic Higgs Bundles and Decorated principal bundles. As mentioned in the
abstract parabolic Higgs bundles can also be treated as a special case of decorated swamps.
However, the stability concept does not immediately reduce to the known definition of sta-
bility. Instead one recovers the known stability concept in the limit of large δ1.
Following the strategy of Schmitt [Sch08] one can use the moduli space of decorated swamps
to construct the moduli space of decorated principal bundles. Examples of these objects
include parabolic principal bundles and principal bundles with a level structure.
These results are contained in the authors thesis [Bec14] and will appear in a seperate
publication.
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